helping to assess the stability properties of axisyrametric toroidal plasma configurations. As practical tools they are used on a daily basis at major tokamak laboratories to aid in the design of new experiments and in rhe analysis of experimental data. Since these applications frequently involve parameter surveys and, therefore, the running of many eases, a number of different versions of the codes exist.
These take advantage of various optimizations that can be made when the interest is focused on specific stability issues. Additional improvements have occurred because the increased understanding of the nature of the instabilities, much of which has come from the computational studies, has led to various improvements in the numerical methods.
The necessity of carrying out some of these enhancements led to the development of PEST 2 14) , a code designed primarily to enable rapid computation of stability boundaries in parameter studies. this was achieved by the reduction of 5w to a scalar form involving only one component of the displacement vector, £, thereby reducing the size of the matrix eigenvalue problem which has to be solved numerically to determine stability. In addition to the factor of 10-50 reduction obtained ia typical erecution times, improvements in the numerical representation of £ greatly improved the convergence of the representation, so that for normal operation the timeconsuming convergence studies can frequently be forgone [5] .
While this procedure, which is basically a numerical treatment of the Energy Principle [6] , is well-suited for studying many stability issues, it has a major shortcoming in that it does not provide accurate estimates for the growth rates or eigenfunctions of the unstable normal modes. These can be valuable in attempting to make comparisons with experimental measurements and in assessing the need to include additional physics effects to the MHD model. The PEST 2 approach can, however, be straightforwardly generalized to obtain nonlinear eigenvalue formulation of the complete normal mode equations, which is of similar scalar form involving only the single component, (,
of the displacement vector. This is the subject of this report. We briefly describe the algebra involved and present the eigenvalue problem in the next section.
In §3 a discussion of the numerical methods used to solve the equations is presented. Examples, illustrating the technique, are given in §4.
FORMULATION
The procedure we follow to reduce the normal mode equations to an eigenvalue problem involving only one dependent variable is analogous to that carried out in cylindrically symmetric systems, where the components 5g ' 5, are eliminated to give a second-order, differential equation for E [7] . The algebraic Gteps are, however, more complicated because of the coupling of different poloidal harmonics which occurs in toroidal geometry. The procedure depends on the fact that the two magnetic surface components of £ can be eliminated surface-by-surface, involving only the inversion of surface operators, since in the appropriate coordinates no radial derivatives of these components occur in the original Euler equations. Because of this, it is essential to employ a flux coordinate system and to adopt an appropriate decomposition of E to obtain a form useful for numerical work.
The basic equations we begin with are the linearized normal mode
where the displacement |(x,t) = 5(x)exp(iut) , 
and 
In these expressions we have adopted the notation that subscripts with respect to 9 represent O-derivatives of equilibrium quantities; thus, for example, /g = 3g/ . also, all explicit \ ! > and 9 derivatives act on whatever quantities appear to the right.
The formal solution of Eqs. (12) and (17) 
where A is the vector potential for the perturbed vacuum magnetic field, subject to the norm / p|£| dT = 1. From Bjs. (8) and (11) we find
and
Thus, since the perturbed vacuum potential energy contribution ia given in terras of C™ on the plasma-vacuum interface [1!. the quadratic for.is can be written entirely in terms of 5* by using T*JS. (21) and (22) (21) and (22). we introduce the bracket notation, These expressions are evaluated in a straightforward manner and attention need only be given to two complications, via., the treatment of the convolutions that occur in evaluating operator products and, secondly, the complications which occur because iij and f 2 explicitly involve ^-derivatives.
To illustrate the convolution treatment we consider the evaluation of Bq.
(35). This can be written formally as the infinite matrix product,
where |x><k] = I, the identity operator, and summation convention is assumed. Numerically, we truncate the infinite product, taking L terms, so that I is approximated by
(38) k=-|L | m the calculations we let L be an additional input parameter and, for fixed L, varied it until the results were satisfactorily converged. For every case we considered, taking L < L < L + 5 was sufficient. This is illustrated in Table I where we present some convergence resu.i ts for analytic equilibrium studies in Hef. S. with this prescription for evaluating matrix products, the remaining steps are straightforwardr considering the first term of Bj. (37),
which can be evaluated from the expressions given in Eqs. (13), (14), (15), (18), and (19) .
In the preceding discussion we have assumed that all the operators remain bounded, which they do, at least almost everywhere in the domain of in . The 
and continue, until lu^., -<£\ < e|">p|, with e an appropriate small number.
To commence the iteration, u This iteration is, of course, expensive computationally, since Eqs, (21) and (22) these are a simple external kink instability, which has been studied previously [£•) tfhen comparisons were made between various stability codes, and an internal kink mode, which provides a more difficult test because the growth rate is very small and the mode is highly localized. We then go on to compute a tilting mode in a spheromak configuration, because it was the desire to obtain growth rates for comparison with the Proto-S1 experiment which originally motivated this work. Finally, we find a stable, discrete shear ftlfven wave to illustrate that the techniques developed here are not restricted to instability studies.
Tokamak External Kink Mode
We consider the simple analytic equilibrium studied in Ref. 5 , a small aspect ratio, elliptic cross-sectional configuration specified by Table I ), and set e, the relative error between successive iterates in Eq. (44), to 10~ (see Table II ). Table III presents the results for a set of three different radial meshes (M) and three different sets of Fourier modes (-l,<4<L). For both coordinate systems we see that the estimates are essentially converged out in £ with L = 15; the equal arc system (Table Illb) 
Tokamak Internal Kink Mode
The internal £ = 1 , n = 1 ideal HHD mode is usually unstable in toXamak configurations when a q = 1 surface lies in the plasma region and B is finite 111). This mode has a small growth rate of typically several orders of magnitude smaller than the external kinks. Its eigenfunction is localized inside the g = 1 surface and decreases rapidly to zero outside. Because of the need to resolve this region accurately, studying such an instability provides a good test for a stability code. The mode is particularly difficult to determine near to the points of marginal stability, and in these regions grid packing near the q = 1 surface and the addition of specially tailored finite elements have been used to obtain very accurate results with to show that with this new version of PEST 2 it is possible to compute the growth rate and eigenf unction as well.
We consider an aspect ratio 3 toroidal equilibrium with circular plasma surface, computed from a flux coordinate equilibrium code, using the profiles a. a- an error < 5% of the maximum growth rate. Thus, except near the marginal points, convergence studies are not really essential for many applications.
Spheromak Tilting Mode
The tilting mode was predicted analytically for force-free spherical and near-spherical spheroraaks [13] and is observed experimentally [14] . Its presence is generally found to be highly destructive; therefore, a thorough understanding of the mode is required. The PEST 1 code has difficulty with small aspect ratio (e+1) spheromak geometry which is alleviated in PEST 2 by switching from PEST 8 coordinates to equal arc 8 coordinates and using a different representation of 5. PEST 2 has been used to examine the stable points of the tilting and shifting modes for different shapes with aiii without nearby conducting walls [15] . However PEST 2's lack of physically meaningful growth rates have made comparison with experimental results difficult. The new formulation presented here allows accurate determination of these growth rates.
For this particular example we have numerically generated equilibrium with a shape described by: given from the localized analysis, we used the method of this paper to compute the global mode. The calculations were carried out with M = 48 and -8 < t < 12. The radial structure of various Fourier harmonics is displayed in Fig. 4 , and the poloidal projection of _£ is given in Fig. 5 , The mode is seen to consist primarily of Z = 1 and 2 components, with a small coupling to £ = 3 towards the plasma surface. In terms of the numerical calculation, the procedure behaves similarly to when it is used to compute unstable modes with respect to the number of iterations required, and no difficulties associated with inverting the operators in &[s. (21) and (22! were observed. We also computed modes in the continuum, an example is given in Fig. 6 .
J5. DISCUSSION
In this paper we have described a numerical procedure which txtends the efficient techniques of the PEST 2 stability code to enable an accurate estimate of the growth rates and eigenfunctions associated with the normal modes. The formulation followed that of PEST 2 in the reduction of 6w to a quadratic form involving only one component of the displacement vector, but, by employing the correct Xinetic energy normalization, the resulting eigenvalue problem was nonlinear. Utilizing identical numerical procedures, the normal mode frequencies and eigenf unctions were obtained by a straightforward iteration.
The numerical method was applied to several typical problems to illustrate the convergence properties and to make comparison with previous results. When implemented on a modern large scale computer (such as the CRAY l), these results show that sufficient resolution can be obtained and that careful convergence studies, which were essential with the first generation of stability codes, can now frequently be avoided. It was also
shown that the method can he applied to determine modes in the stable part or the MHD spectrum. Table II . Convergence of the eigenvalue iteration for the same case as Table I . 
Figure Captions
Pig. 1 Growth rate of the internal kink vs q<0) calculated using PEST 1, original PEST 2, new PEST 2, and new PEST 2 converged to H * ".
Pig. 2 Poloidal projection of the displacement vector, £, for the internal kink with a(0) = 0.9, computed using the new PEST 2.
Pig. 3 Poloidal projection of the displacement vector, g, for the spheromak tilting mode computed using the new PEST 2. 
